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A two-dimensional mathematical model of the initial stage of depth filtration is
developed. This model describes the fluid flow and the particle transport and capture in
a representative elementary volume of the filter. A typical simulation can be outlined as
follows: as a first stage, the flow field is computed in the whole complex void space of the
filter using a lattice–Boltzmann method. As a second stage, the trajectory analysis is
derived by applying Newton’s second law to suspended particles in the flowing fluid. The
capture or the reentrainment of the particles encountering the filter surface is determined
from a force balance that takes into account the drag force and the solid friction force.
This approach, which provides both microscopic data such as the initial capture proba-
bility density and macroscopic data such as the filter coefficient, is validated on a model
experiment of deep-bed filtration. © 2005 American Institute of Chemical Engineers AIChE J,
52: 39–48, 2006
Keywords: filtration, non-Brownian particles, porous media, hydrodynamics, lattice–
Boltzmann model (LBM)

Introduction

Deep-bed filtration is a fluid–solid separation process com-
monly applied to remove minute quantities of small particles
from various kinds of fluids. This engineering practice has a
long history—Egyptian inscriptions show that deep-bed filtra-
tion was used for water treatment as early as 200 BC. Now this
process has widespread applications from wastewater treatment
to liquid metal refining and gas cleaning.

The basic principle of deep-bed filtration is the following
(see Tien’s book1 for a comprehensive review): first, contrary
to other kinds of filtration, the solid particles suspended in the
fluid are typically smaller than the pores of the filtering me-
dium. As the fluid–solid suspension flows through the filter, the
particles present in the suspension deposit at various depths
within the bed, that is, on the solid walls bordering the pore
spaces. This leads to the progressive clogging of the filter and
the subsequent increase of the pressure drop across it.

Thus, it is usual to divide the filtration process into two
stages: initial and ageing stages. In the initial stage, the depo-
sition of particles inside the filter is relatively small. Its effect
on the properties of the filter is negligible, and the performance
of the filter can be regarded as that of the clean filter. On the
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contrary, the ageing stage corresponds to the clogging of the
filter. In this report, we focus on the initial stage of depth
filtration.

Numerous models have been proposed to simulate deep-bed
filtration. They can be classified as follows: macroscopic, mi-
croscopic, stochastic, and networks.

The macroscopic model1,2 is formulated for the purpose of
describing the overall behavior of deep-bed filtration. In par-
ticular, it can predict the histories of the effluent concentration
and the pressure drop across the filter. The model consists of
the conservation equation of the particles, the assumed filtra-
tion rate expression, and the mechanics of the flow through the
porous medium. Usually, the filtration rate is given by Iwasa-
ki’s phenomenological expression,3 where the key parameter is
the so-called filter coefficient. The average flow within the
filter (as opposed to the local flow in the pore) is often con-
sidered one-dimensional and the macroscopic average velocity
profile is considered flat. In the laminar regime, the pressure
drop across the filter is typically modeled by the Darcy law
combined with the Carman–Kozeny equation for the perme-
ability. More recently, two-dimensional simulations have been
performed solving the full set of macroscopic equations.4 Thus,
the macroscopic flow pattern through the filter has been ob-
tained for different industrial configurations.

Whereas the macroscopic approach rather considers the filter
as a “black box,” the microscopic approach (also called trajec-
tory analysis model) tries to explain the physics of the depo-
sition processes within the filter. In this way, the microscopic
approach attempts to quantitatively predict the filter efficiency.
The filter is modeled as an assembly of individual collectors of
some simple geometry (such as a capillary, a sphere, or a
constricted tube). First of all, the flow field associated with the
individual collector is obtained either analytically1,5 or numer-
ically.6 Then, particle trajectories (around or through an indi-
vidual collector) are calculated from the force balance that acts
on the particle. The individual collector efficiency corresponds
to the fraction of particles encountering the collector. Finally,
the overall filter efficiency is deduced from the individual
collector efficiency by simple association laws. The micro-
scopic approach is well suited for evaluating the performance
of the clean filter but it fails to predict permeability change
during the filtration process.

The stochastic approach7 models the pressure-head increase
of a clogged filter. The pressure drop increase is viewed as
resulting from two simultaneous stochastic processes, the
blockage (arising from the accumulation of deposits within the
pores) and the scouring of pores (arising from reentrainment of
the deposits). The development of this birth–death process is
governed by probabilistic laws whose parameters are adjusted
to fit appropriate experimental data. Therefore, the stochastic
model is a kind of “black box” as well and does not provide a
precise description of the deposition mechanism.

In the network approach,8-12 the porous medium is approx-
imated by a network of tubes with a range of sizes distributed
randomly in a two-dimensional square lattice; thus, the pore
size distribution and the pore interconnectivity are taken into
account. The fluid flow in such a network can be computed
using a matrix expression for Darcy’s law derived from elec-
trical network theory. The formation of deposit during deep-
bed filtration is taken into account by appropriately varying the
diameter, and thus the flow resistance, of each tube. This model

is essentially adapted to simulate the progressive clogging of
the filter and its effects on flow pattern.

The model presented herein belongs to the microscopic
approach. Whereas the standard microscopic approach focuses
on a single collector, the present model describes fluid flow and
particle transport and capture in a representative elementary
volume of the filter, which consists of several interconnected
pores. The flow field is computed in the whole complex void
space of the representative elementary volume using a lattice–
Boltzmann method (a comprehensive review can be found in
Rothman and Zaleski13). This method is particularly suitable
for investigating fluid flow at low values of the Reynolds
number in complex geometry.

We limit the scope of our investigation to hydrosols. The
suspended particles are non-Brownian, which means that the
size of the focused particles is typically �1 �m. Furthermore,
the interactions between the particles and the surface are sup-
posed to be nonrepulsive. We assume that adhesive-surface
forces provide negligible contribution to particle transport: this
typically concerns particles � 10 �m. Finally, the lubrication
effect on particle transport and capture is neglected. Indeed, the
lubrication effect is assumed to be weak for irregularly shaped
particles or rough filter walls (bordering the pores spaces). First
elements confirming this assumption will be developed in this
paper (see the passage relative to the suspended particles in the
modeling section). A full study of the effect of particle shape
and filter roughness on hydrodynamic interactions is left for
future work.

The method is applied to a model experiment of deep-bed
filtration developed by Frey et al.14 First, microscopic (that is,
at pore scale) results are interpreted and compared to the
experimental observations of Frey et al.14 Second, the method
is used to calculate the initial filter coefficient, which is essen-
tial for the design and the global modeling of the deep-filtration
process. The dependency of the initial filter coefficient on the
filter grain size is predicted and its scaling behavior is com-
pared to FitzPatrick’s experimental data.1

Experiments of Frey et al.
Description

Frey et al.14 performed pressure-driven deep-bed filtration
experiments in a transparent etched micromodel (for a detailed
description of the experiments, see Frey et al.14 and Gohr
Pinheiro15). Such micromodels have been widely used to study
multiphase flows in porous media.16,17

Frey et al. used a network (66 � 121 mm) containing about
15,000 ducts with seven classes of width (from 0.1 to 0.6 mm)
distributed log-normally. The distance between two sites of the
network was l � 1 mm. The duct depth was 1 mm. The duct
orientations, related to the average direction of the main flow,
were 45°. The porosity � of the micromodel was about 60%
and the permeability was about 3 � 10�9 m2. It should be
noted that the micromodel cannot be considered as a Hele–
Shaw cell18 because the depth of the micromodel is not small
enough compared to the mean size of the collectors.

Figure 1 shows the layout of the apparatus from which the
operating method can be deduced. The suspension was allowed
to flow from a constant head vessel. The effluent was collected
in another constant head vessel and the overflow was weighted
on an electronic balance to determine the flow rate. The total
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head difference causing the flow was kept constant. The sub-
sequent pressure drop across the micromodel was measured by
a differential micromanometer between Pe and Ps. In experi-
ments reported herein, the pressure drop was equal to 420 Pa.
When the micromodel was clean, it corresponded to a super-
ficial velocity us (averaged in the depth of the micromodel)
equal to 10 mm/s.

The suspension was prepared from a dilute solution of KCl
(0.01 M) and nonbuoyant Rilsan® particles, which consist of
granules with a mean diameter dp of 0.03 mm (see the scanning
electron micrograph on Figure 2). For the entire set of exper-
iments, particle concentration was set at 1 g/L.

A CCD camera was used to visualize particle deposition in
the pore systems during each experiment. Images were re-
corded at prescribed times and posttreated. The domain of
interest is a rectangle of 8.5 � 11.3 mm (the first dimension
corresponds to the average direction of the main flow), allow-

ing simultaneous observation of about 8 � 11 interconnected
pores of the network.

Let us focus on deposit formation at the beginning of the
operation. Deposition generally started close to the upstream
region of the solid grains of the porous medium, that is, in the
separation region of flow where stagnation points were encoun-
tered. A typical image of the porous medium before clogging
occurs is presented in Figure 3. This image was recorded in the
medium region of the micromodel. At the end of the process,
the flow structure inside the porous medium was completely
modified and particles accumulated anywhere in the pore
space. The complex situations encountered in this latter case
are beyond the scope of the present study.

Analysis of the deposition mechanisms

Deposition is a two-step process involving the transport of
the suspended particles to the filter and their attachment to the
surface of the filter itself.

Let us look at all the forces acting on particles and identify
the main transport mechanisms.1

Concerning the hydrodynamics, the fluid flow in the exper-
iment was laminar, close to the creeping regime, given that the
Reynolds number Re � usdc/� was about 3, where us � 10
mm/s and dc, the average channel width, is equal to 0.3 mm in
the experiments. The particle Reynolds number Rep � usdp/�
was about 0.3, which means that the classical Stokes law is a
good approximation of the steady drag force experienced by
the particle when it is far from solid boundaries. The Stokes
number NSt � �pdp

2us/18��dc is about 10�3, meaning that the
inertial effect (the contribution of the particle acceleration term
in Newton’s second law) is weak compared with the steady
drag force. The forces induced by the liquid inertia (the added
mass force, the Tchen force, and the lift force) were also
negligible compared to the steady drag force. Indeed, the ratio
of the forces arising from liquid inertia to the drag force scales
as dp

2us/�dc � (�/�p) NSt � 10�3 (this ratio can be also
interpreted as a Stokes number calculated for a sphere of fluid
of diameter dp). Finally, we tried to estimate the ratio of the
history (or Basset) force to the steady drag force FH/FD. As-
suming that the suspended particle experienced a step variation

Figure 1. Experimental apparatus.
Legend: (1) Feed tank; (2, 3) constant head vessels; (4) etched
micromodel; (5) balance; (6) video camera; (7) computer; Pe,
Ps: pressure measurements.

Figure 2. Scanning electron micrograph showing some
typical Rilsan® particles.

Figure 3. Image of the medium region of the micromodel
before clogging occurs.
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of its velocity of about dp (us/dc) (the fluid velocity gradient is
of the order of us/dc), the forces ratio FH/FD scales as Rep

1/ 2 �
(dp/dc) after a displacement of the particle of the order of dp. In
the experiments described earlier, the ratio FH/FD falls to about
5 � 10�2 over a distance of one particle diameter. Therefore,
we can assume that the trajectories of the particles are weakly
affected by the history force.

The gravity force did not exist because Rilsan® particles are
nonbuoyant. Thus, the gravitational number NG � (�p � �)dp

2g/
18��us is null. Brownian motion was negligible compared to
convective motion because the Peclet number Pe � 6���usdp

2/
kT was about 107. The surface forces controls the attachment of
particles on the filtering medium but it is negligible compared
to the hydrodynamic forces when the particles flow inside the
porous medium. Indeed, the London number NLO � 4H/
9���dp

2us (ratio of the London–van der Waals force exerted by
the medium on the particle at a separation of the order of dp to
the hydrodynamic force in the Stokes approximation) is about
10�8 (the Hamaker constant H is of the order of 10�19 J) and
the double-layer parameter NDL � �dp (ratio of the particle
diameter to the Debye–Hückel thickness ��1) is about 104.

The interception mechanism can be quantified by the inter-
ception number NR � dp/dc; thus, NR � 0.1. Because the former
mechanisms are negligible, the interception mechanism is the
unique transport mechanism in the experiments. Thus, the
particles follow the streamlines of the flow and some of them
are intercepted by the filter walls under screening conditions.

Finally, we focus on the attachment step and its opposite,
that is, the removal step. Considering a particle in contact with
the filtering media, three removal mechanisms can occur: slid-
ing, rolling, or lifting. Because the present particles are small
and not spherical, sliding is the most probable reentrainment
mechanism.19 The critical drag force FD

c leading to the removal
of a particle satisfies the following force balance

FD
c � f0�FAd � FL� � f0FAd (1)

where FAd is the adhesion force; FL is the lift force, which can
be neglected here; and f0 is the static friction coefficient.

Then, the Mackrle number20 can be defined as the ratio of the
solid friction force, that is, f0FAd, to the current drag force
suffered by a particle in contact with the filtering media. The
drag force experienced by a particle in contact with a plane in
a linear shear flow is given by

FD � 3�KDdp
2	p/ 2 (2)

where 	p is the wall shear stress and KD is a corrector factor21

equal to 1.7009.
Assuming Poiseuille flow in the channels of the micromodel,

an estimate of the wall shear rate is given by 6us/�dc.
Thus, the Mackrle number can be rewritten as follows

Ma �
f0FAd�dc

9�KDdp
2��us

(3)

Girard22 studied the adhesion of Rilsan® particles (dp � 0.03
mm) on a glass surface immersed in water using a shear stress

flow chamber and measured the critical drag force leading to
particle removal, that is, FD

c � 1.7 � 10�9N.
Thus, the value of the Mackrle number can be estimated

under the experimental conditions of Frey’s experiments, that
is, Ma � 0.7. Because the Mackrle number is of the order of
unity, the attachment step cannot be considered as 100% effi-
cient and reentrainment must be taken into account.

Modeling

The present model describes the initial phenomena of filtra-
tion in a representative elementary volume (REV) of the filter,
that is, the transparent micromodel (we assume implicitly that
the filter medium is sufficiently homogeneous that we are able
to define a REV). The REV is large compared with the pore or
grain (that is, the collector) size but small compared to the
deep-bed scale. The main advantage of the present approach
over the standard microscopic approach is that the coupling
effects between the individual collectors are taken into account.
In this sense, the present model closely approaches that of
Brémond et al.23 and Tian and Guthrie.24

Throughout this investigation, the numerical simulations
were performed in two dimensions. Thus, the fluid velocity
profile in the channels is underestimated compared to the real
one (for a given value of the superficial velocity). However, the
streamline pattern deriving from the two-dimensional calcula-
tion should be close to the real streamline pattern at least in the
median plane of the micromodel. Because most of the particles
entering the micromodel move along the median plane (first,
because the fluid velocity is the highest in the median plane;
second, because the hydrodynamic forces, arising from the
velocity gradient in the depth of the micromodel, tend to
confine the particles near the median plane), a two-dimensional
approach should already provide a relevant description of the
particle trajectories. Full three-dimensional calculations are left
for a future work.

As can be seen in Figure 4, the computational domain is
rectangular and constitutes three parts: the upstream zone, the
filter portion, and the downstream zone. The filter portion is
defined at the pore scale; the upper frontier of the domain
corresponds to the inlet; and the lower frontier to the outlet and
periodic boundary conditions are assumed on the lateral sides
of the domain.

A typical simulation can be sketched as follows: as a first
stage, the flow field is computed in the whole complex void
space of the filter using a lattice–Boltzmann method; as a

Figure 4. The computational domain.
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second stage, the trajectory analysis is derived by applying
Newton’s second law to suspended particles in the flowing
fluid. Each particle is randomly injected upstream and tracked
up to its capture site or its filter leaving. A large number of
particles (�106) were investigated to provide meaningful sta-
tistical results.

Fluid flow

The fluid is assumed to be Newtonian and the flow incom-
pressible and isothermal. Then, the fluid flow is described by
the continuity and Navier–Stokes equations, expressed respec-
tively as

� � j� � 0 (4)


j�


t
�

� j� � �� j�

�
� ��P � �	j� (5)

where t denotes the time, j� is the fluid momentum, P the
dynamic pressure, � the fluid density (which is constant), � its
kinematic viscosity (which is constant), � the Nabla vector,
and 	 the Laplacian operator.

The fluid flow is also supposed to be in a steady state but the
nonstationary term is kept in Eq. 5 according to the numerical
method used herein.

Equations 4 and 5 are simulated using the lattice–Boltzmann
method (LBM) because this method is particularly suitable for
investigating fluid flow at low values of the Reynolds number
in complex geometry.

The LBM is built as follows: first of all, the d-dimensional
space (d � 2 in our case) is mapped on a regular lattice. Two
types of lattice nodes are distinguished: the first type is attached
to the solid porous medium, the second type to the space (in
particular the pores of the filter) filled by the fluid. A popula-
tion of fictitious particles is allocated to each node of the space
left to the fluid; the velocity distribution of the population is
discrete and constitutes b given velocity vectors. One velocity
vector is the null vector and the other velocity vectors are
associated with the links between a node and its (b � 1) first
and second neighbors. At each time increment, the dynamics is
divided into two steps: propagation of the fictitious particles
from node to node according to their velocity, then collision
between the particles located at the same node. The lattice–
Boltzmann model thus has a completely discrete phase space
and time. Furthermore, it is formulated to asymptotically re-
cover the Navier–Stokes equations as the large-scale behavior
of the LBM (that is, the fictitious particles).

In this study, the version of the LBM first proposed by Qian
et al.,25 with a cubic lattice in two dimensions and nine veloc-
ities—D2Q9 in the terminology of Qian et al.—is used. In this
version, the collision operator is modeled following the ap-
proximation proposed by Bhatnagar, Gross, and Krook26

(BGK) for the standard Boltzmann equation, that is, it is
linearized around the local equilibrium distribution assuming a
single relaxation parameter. As usual, the lattice spacing is
used as the unit length and the time step as the unit time. Then,
the evolution equation for the LBM density can be expressed as

Ni�t � 1, r� � c� i� � �1 � �� Ni�t, r�� � �Ni
e
�̃�t, r��, j��t, r���

(6)

where r� and t are the position vector and the time (rendered
dimensionless), respectively; Ni is the density of particle i and
c� i is its velocity; and � is the relaxation parameter, which lies
between 0 and 2 for linear stability. The viscosity of the LBM
is all the smaller, given that � is close to 2. Ni

e is the equilib-
rium distribution. It is calculated from the total density �̃(t, r�)
of particles and the momentum j�(t, r�) of the fluid at time t and
at the node defined by the position vector r�. �̃(t, r�) and j�(t, r�)
are dimensionless quantities. Ni

e is given formally by27

Ni
e��̃, j�� � t*p�cs

2�̃ � j� � c� i� � 3tp

3� j� � c� i�
2 � j�2

2�
(7)

The index p is the square modulus of a particle’s velocity and
is thus equal to 0, 1, or 2. The t*p and tp values are t*0 � (3 �
5cs

2)/3cs
2, t0 � 4/9, t*1 � 3t1 � 1/3, and t*2 � 3t2 � 1/12. cs is

the intrinsic speed of sound of the LBM and is taken equal to
1/�3. � is the dimensionless density of the fluid, which is
constant as the fluid is incompressible and equal to 1. The
kinematic viscosity � of the fluid (in lattice units) is related to
the relaxation parameter � by

� �
1

6 � 2

�
� 1� (8)

At each node of the lattice, the pressure P of the fluid and its
macroscopic velocity u� are given, respectively, by (in lattice
units)

P�t, r�� � cs
2�̃�t, r�� � cs

2 �
i�0

i�8

Ni�t, r�� (9)

u� �t, r�� � j�/� � �
i�0

i�8

Ni�t, r��c� i/� (10)

The lattice must be fine enough to describe the filter medium at
the pore scale and to represent precisely the structure of the
fluid flow. At the same time, the study of the suspended
particles (as opposed to the fictitious particles of the LBM)
requires a lattice that describes the filter at the particle scale. A
lattice spacing 	x (in real units) that satisfies Eq. 11 meets both
requirements and gives reliable results:

	x 
 dp/5 (11)

where dp is the suspended particle mean diameter.
To recover the Navier–Stokes equation as the macroscopic

behavior of the LBM, the macroscopic velocity (in lattice
units) must be much smaller than the intrinsic speed of sound
of the LBM. This involves a constraint on the time step 	t used
in the LBM (in real units)
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umax

	x/	t



cs

10
that is, 	t 


cs	x

10umax
(12)

where umax is the maximum velocity reached by the fluid in the
domain (in real units).

A flat and constant momentum profile is fixed at the inlet.
Thus, the following relation must hold at each boundary node
constituting the upper frontier of the domain

j��t, r�� � j�0 (13)

Note that j�0 is fixed to j�0 � �u� s, where u� s is the superficial
velocity of the fluid in the porous medium. Then, the LBM
densities “entering the domain” at each time increment at the
inlet are given by

Ni�t � 1, r�� � Ni
�t, r� � c� i� � 2t*p� j�0 � c� i� (14)

where Ni
(t, r� � c� i) is the LBM density coming from inside in
the direction i
 opposite to the direction i.

A vanishing momentum gradient is assumed at the outlet.
Then, the LBM densities “entering the domain” at each time
increment at the outlet are given by

Ni�t � 1, r�� � Ni�t � 1, r� � c�1� (15)

where the direction 1 of the lattice (and its corresponding
velocity c�1) is taken parallel to the average direction of the
main flow.

A no-slip condition is assumed on the solid surfaces, which
constitute the filter. This condition is modeled by the so-called
bounce-back rule, in which a particle incident on the boundary
reverses its direction. In this way, the fictitious particles are
kept out of the obstacles and the null velocity condition is
satisfied at the solid surface. The solid surface is located
halfway between the “fluid node” and the “solid node” forming
the obstacle.

Finally, as mentioned earlier, periodic boundary conditions
are assumed on the “lateral sides” of the domain.

Suspended particles

The suspended particles are assumed to be rigid and nonde-
formable. Their concentration is low enough that the interac-
tions between the suspended particles in the liquid are negli-
gible. Then, the suspended particles move independently from
each other. Their trajectories are obtained from Newton’s sec-
ond law. The corresponding equations are numerically solved
using a Eulerian scheme.

The Newton second law can be written for a non-Brownian
suspended particle as follows

�

6
�pdp

3
du� p

dt
�

�

6
�pdp

3g� � F� f � F� s (16)

where �p is the density of the particle, u�p is its velocity, and dp

is its diameter. The first term of the right-hand side of Eq. 16
is the gravitational force; F� f is the resultant of the forces
exerted by the fluid on the surface of the particle; and F� s is the

surface interactive force between the particle and the filtering
medium, which is specifically the London–van der Waals force
and the double-layer force for hydrosols.

As seen previously, the particle trajectory is not affected by
the surface interactive force until its contact with the filtering
medium.

Concerning the force F� f exerted by the fluid, there are two
general approaches to model it. The first method is based on the
solution of the Navier–Stokes equation for the fluid phase
because it is coupled to the movement of the suspended parti-
cles. This method has been applied in the lattice–Boltzmann
framework to suspensions of spherical and ellipsoidal parti-
cles.28-30 Then, F� f is calculated from the momentum balance
between the suspended particles and the lattice–Boltzmann
particles impinging upon them. This method is very general, in
that all the hydrodynamical effects are intrinsically taken into
account, although it remains computationally intensive even in
the LBM framework. Furthermore, such an accurate method is
adapted to well-defined particles (spheres or ellipsoids) but it is
perhaps too sophisticated for the irregular particles commonly
handled in deep filtration.

The second method that has been chosen in the present study
consists in breaking down the force exerted by the fluid into
fundamental contributions and expressing them analytically in
terms of unperturbed flow properties at the location of the
suspended particle. Six fundamental contributions are usually
identified in F� f. These contributions are assumed to be simply
additive:

F� f � F� A � F� D � F� H � F� M � F� Tchen � F� L (17)

where F� A denotes the Archimedes force, F� D is the steady drag,
F� H represents the history (or Basset) force, F� M is the added-
mass force, F� Tchen is the Tchen force, and F� L is the lift force.

As in Frey’s experiments, the particles are nonbuoyant and
particle inertia and flow inertia are negligible; Newton’s second
law for a particle, which is not in contact with the filtering
medium, reduces to

F� D � 3���dp�u� � u� p� � 0� (18)

where the steady drag force F� D imparted by the fluid has been
modeled by the Stokes formula. Because the particle Reynolds
number is small, the Stokes formula is a good approximation of
the steady drag when the particle is far from solid boundaries.
If the particle is close to a solid boundary, the drag force that
it experienced deviates from the Stokes expression as a conse-
quence of the lubrication effect. This phenomenon can be
dominating and thus prevent the particle from being captured
when the particle surface and the filter surface are smooth.
However, for irregularly shaped particles or rough filter walls,
the lubrication effect (that is, retardation) on particle transport
and capture is assumed to be weak and is neglected. Indeed, it
can be asserted that particle singularities (such as edge, vertex,
or protuberance) or filter surface asperities will break the
lubrication film before lubrication forces strongly affect the
particle trajectory.

Thus, the governing equations for particle trajectory are
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u� p � u� �r�p� (19)

dr�p

dt
� u� p (20)

Equations 19 and 20 are numerically solved using an explicit
Eulerian scheme:

u� p�tp � 	tp� � u� 
r�p�tp�� (21)

r�p�tp � 	tp� � r�p�tp� � u� p�tp�	tp (22)

It should be noted that r�p and u�p, the position vector and the
velocity vector of a suspended particle, respectively, vary along
a continuum. Because the LBM provides a discrete field of the
fluid velocity, the velocity of the fluid u� (r�p) at the location of
the suspended particle r�p is calculated using linear interpola-
tions between the four closest nodes of the lattice.

Each suspended particle is pseudorandomly introduced up-
stream and its velocity is initially fixed to u�p(0) � u� s, where u� s

is the superficial velocity of the fluid.
Each particle is essentially following a fluid streamline until

both conditions are simultaneously fulfilled:
● The distance from the center of the particle to the wall of

the filter, denoted Rp, is equal to or lower than the radius of the
particle, that is, Rp 
 dp/2.

● The drag force experienced by the particle in contact with
the filtering medium, FD � 3�KDdp

2	p/2, is smaller than the
solid friction force f0FAd.
Then, the particle is definitively captured by the filtering media.

Validation

As a first stage, the above numerical model is used to derive
the streamline pattern in the micromodel of Frey et al. Then,
the initial capture probability density provided by the numeri-

cal simulation is compared to the experimental deposits ob-
tained in the initial stage of filtration. Finally, the dependency
of the initial filter coefficient on the pitch l of the micromodel
is investigated.

Streamline analysis

A careful analysis of the streamline pattern should improve
our understanding of particle deposition at the beginning of the
filtration. For this purpose, the present model is used to simu-
late the fluid flow in a part of the transparent micromodel; the
investigated domain is the porous medium presented in Figure
3: a rectangle of 8.5 � 11.3 mm, located in the medium region
of the micromodel. The porous medium has been weakly
modified laterally so that the left edge “fit” the right one (trying
to conserve the same porosity as the full micromodel). This
ensures “smooth” periodic boundary conditions laterally. The
corresponding computational domain consists of 1925 � 1959
nodes: the filter portion consists of 1525 � 1959 nodes and the
upstream and downstream zones constitutes each of them
200 � 1959 nodes. The lattice spacing 	x is equal to 5 �m.

Figure 5 (right) displays the streamline pattern in a part of
the computational domain. The streamlines have been obtained
from the calculated velocity field using the commercial soft-
ware Tecplot®.

Streamline analysis showed different possibilities of particle
deposition. Let us focus on the pore displayed in Figure 6. The
flow is divided into three regions. The first flow region (the
light gray domain on the left in Figure 6) concerns the fluid
coming from the whole top left channel that feeds the left part
of the bottom left channel. The third flow region (the light gray
domain on the right) concerns the right part of the fluid coming
from the top right channel that feeds the whole bottom right
channel. The intermediate region (in white in Figure 6), that is,
the second flow region, concerns the left part of the fluid
coming from the top right channel that feeds the right part of
the bottom left channel. Because the downstream grain is

Figure 5. Comparison between the experiments and the numerical results.
Left: experimental deposits. Center: fluid velocity field (in gray) and initial capture probability density (in black). Right: streamline pattern.
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completely wetted by the fluid coming from the top right
channel, there is a dividing streamline, which comes from the
top right channel and finishes at the tip of the downstream
grain. We may assume that some particles accumulate at this
separation point along the dividing line. The deposits occurred
on each grain and were able to invade the pore until they
reached either the opposite or the neighboring grain, then
clogged the gap separating the two grains. This type of deposit
will be named “pore invasion deposit.” 14 Even though these
deposits initially pointed upstream of main flow, some became
progressively curved because of the modification of the local
flow field, in particular to clog the throats of shorter width.

In some cases, it may be noticed that the distance between
the streamlines in the exit channel (the bottom left channel in
Figure 6) is less than that in the inlet channel (the top left
channel in Figure 6). In these cases, for a particle at a distance
Rp from the wall in the inlet channel, the corresponding dis-
tance at the channel exit will be less than Rp (the domain of
interest is displayed in medium gray in Figure 6). Thus, we
may assume that such particles will deposit between the inlet
channel and the exit channel. Actually, these deposits appear at
the inlet channel wall close to the corner of the upstream grain.
This kind of deposit often occurs when the throat size ratio is
small. Furthermore, experimental observations provide evi-
dence that these deposits grow downstream until they eventu-
ally invade the exit channel. This type of deposit is called
“throat invasion deposit.” 14 Compared to pore invasion de-
posit, throat invasion deposit is less frequent.

Deposit shape and location

Some 1,000,000 particles have been injected upstream to
obtain the map of the initial capture probability density. To
qualitatively compare numerical and experimental results, we
represent the initial capture probability density around each
grain as a “pseudodeposit” (see Figure 7): let us call Mw the
impact point on the grain. The corresponding external point of

the “pseudodeposit” Me is such that: MwMe
� � C�n� , where n� is

the normal to the obstacle at the impact point Mw, � is the
capture probability density at the impact point (� is propor-
tional to the ratio of the number of particles that impact in the

vicinity of Mw to the total number of particles injected up-
stream), and C is a proportionality factor that is the same for
each impact point and is adjusted to optimize the legibility of
the map.

Figure 5 (left, center) shows that the pore invasion deposit
shape and location are highly correlated to the initial capture
probability density. The present model forecasts particle dep-
osition on the top of most grains. This prediction is confirmed
by the experimental results. The deposits tend to invade the
pore space.

Concerning the throat invasion deposits, the location is also
well correlated to the initial capture probability density. The
occurrence of throat invasion deposits is in concordance with
the experimental findings. This agreement confirms that the
lubrication effect can be reasonably neglected when the parti-
cles are irregularly shaped. It should be noted that a stronger
lubrication effect would affect the capture of the particles by
the channel walls and decrease the occurrence of throat inva-
sion deposits, but would not influence the formation of pore
invasion deposits because they occur at the stagnation points of
the micromodel.

The shape and the relative size of the throat invasion depos-
its are weakly correlated to the initial capture probability den-
sity. Indeed, the mechanism of particle deposition changes
between the initiation of the throat invasion deposit and its
subsequent growth14: at the beginning, the first particles that
impact the channel wall create an obstacle that generates two
stagnation points at the front and at the back where other
particles can progressively accumulate with a kind of snowball
effect. Therefore the initial capture probability density is not
able to predict the corresponding deposit occurring from the
modification of the local flow because of the appearance of new
obstacles.

Initial filter coefficient

In addition to the above-mentioned microscopic results, the
present model provides macroscopic data that could be entered
in a macroscopic model of deep filtration, such as the perme-
ability or the initial filter coefficient. For example, the initial
filter coefficient relative to operating conditions used by Frey et
al. has been calculated and a sensitivity study has been set up.
Because Frey et al. did not precisely measure the influent and
effluent particle concentrations, the numerical results have

Figure 6. Streamline pattern in a pore.

Figure 7. Representation of the initial capture probabil-
ity density around a grain as a “pseudode-
posit.”
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been compared to data obtained by FitzPatrick and reported by
Tien.1 FitzPatrick studied the filtration of monodispersed latex
particles on unisized glass-spheres filters and determined the
particle concentration at the inlet and outlet with a Coulter
counter. The data set that has been selected was obtained under
conditions very close to those of Frey et al.: the superficial
velocity is equal to 3 mm/s; the particle diameter is equal to
0.021 mm; and the glass-sphere diameter is equal to 0.18, 0.36,
0.72, or 4 mm.

According to FitzPatrick’s results, which show the effect of
the filter grain size, we studied the effect of the pitch l of the
network of ducts on the initial filter coefficient. Thus, we
performed numerical simulations with homothetic micromod-
els, while keeping all the other parameters constant. The ho-
mothetic ratio is equal to 1, 2/3, 1/2, 2/5, or 1/3.

The initial filter coefficient �0 is calculated according to the
following expression

�0 � �ln�1 � E0�/L (23)

The initial filtration efficiency E0 is calculated over a depth
L � 6 mm, when the total depth of the filter portion is 8.5 mm.
In this way, we avoid a potential “edge effect.” Then, E0 is
given by

E0 � �na � nb�/na (24)

where na (respectively, nb) is the number of particles that are
still free 1.25 mm after (before) the inlet (outlet) of the filter
portion.

The numerical simulations have been performed for infinite
and finite critical drag force. In the latter case, the critical drag
force is fixed to Girard’s value,22 that is, FD

c � 1.7 � 10�9N.
The relationships between �0 and the pitch l or the grain

diameter dg are shown in Figure 8. For the three curves, we

observe that �0 becomes smaller for larger values of the pitch
l or for larger values of the grain diameter dg. However, the
dependency on l or dg is stronger when the adhesion is 100%
efficient (infinite critical drag force). Thus, the dependency of
�0 on l is given by

�0 � l�2.67 (25)

Using appropriate dimensionless numbers, �0l and NR, this
relation is equivalent to

�0l � NR
1.67 (26)

The power of 1.67 is intermediate between the first power
given by the capillaric model31 and the second power given by
the spherical model.1

On the other hand, FitzPatrick’s experimental data and the
numerical results obtained for FD

c � 1.7 � 10�9N have a
weaker dependency on l or dg, respectively

�0 � dg
�1.72 (27)

�0 � l�2.01 (28)

Indeed, as the filter grain diameter decreases, the wall shear
rate increases (the superficial velocity being fixed), then the
Mackrle number—which quantifies the adhesion efficiency—
decreases and the increase of the initial filter coefficient is
slower than expected. Thus, considering the experiments con-
ducted by Frey et al., the following scaling law of the dimen-
sionless initial filter coefficient can be proposed

�0l � NR
1.67Ma0.66 (29)

Three main reasons can be set forth to explain the gap
between the exponents of scaling laws 27 and 28: (1) it can be
attributed to the “microscopic” geometry itself, which varies
from FitzPatrick’s filter to that of Frey et al., and can lead to
somewhat different interception contributions; (2) the adhesion
force is assumed to be constant even if it may vary with the
curvature radius of the obstacle and therefore decreases as the
micromodel pitch decreases; and (3) the drag force experienced
by a particle in a channel is substantially enhanced when the
ratio of the particle diameter to the channel width becomes
�0.1. This effect is not taken into account by the present
model.

Conclusions

A lattice–Boltzmann model of depth filtration has been de-
veloped. For the moment, the present model is based on the
following assumptions: the filter is a two-dimensional porous
medium, only the initial stage of filtration is described, the
fluid-particle suspensions are hydrosols, the suspended parti-
cles are assumed to be non-Brownian and nonbuoyant, the
force exerted by the fluid reduces to Stokes steady drag, and the
lubrication effects are neglected. However, none of these as-
sumptions is definitive: the extension to three-dimensional
porous media, as well as the extension to the ageing stage, and

Figure 8. Dependency of initial filter coefficient on the
pitch l (micromodel) or on the filter grain diam-
eter dg (glass-spheres filter).
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the integration of the lubrication effect (by using the hydrody-
namic correction functions reported in the literature) are al-
ready in hand.

The model was applied to a model experiment of deep-bed
filtration in which the porous medium is a transparent etched
network of interconnected channels, allowing the deposit visu-
alization at pore scale. The initial capture probability density
provided by the numerical simulation was compared to exper-
imental observations obtained in the initial stage of filtration.
The present model gives a correct description of the location of
the deposits observed experimentally and, to a certain extent, of
their shape. This indicates that the effect of lubrication on
deposition is weak when the particles are irregularly shaped or
when the filter walls are sufficiently rough (and it will be even
weaker if particles are buoyant as well). The precise depen-
dency of the lubrication effect on the particle shape and on the
filter roughness is left for future work.

Finally, the influence of the filter grain diameter on the filter
coefficient has been investigated numerically: the scaling be-
havior of the filter coefficient is in good agreement with ex-
perimental data reported in the literature.

Thus, the present model can be an appealing tool for pre-
dicting the performance of filters and for optimizing the filtra-
tion process (such as the value of the operating process param-
eters, the choice of the filters, and the design of new filter
geometries).
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